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Problem 1. If f(z) = 3z — 1, what is f6(2) = (fofofo fofo f)(2)?

Solution.
ff2)=3-2-1=5
f22)=3-5-1=14
f3(2)=3-14—-1=41
f42)=3-41-1=122
f5(2)=3-122 -1 = 365
£5(2) =3-365 — 1 =[1094]

O

Problem 2. A frog starts at the origin of the (x,y) plane and wants to go to (6,6). It can either jump
to the right one unit or jump up one unit. How many ways are there for the frog to jump from the origin
to (6, 6) without passing through point (2,3)?

Solution. Jumping from the origin to (6,6) requires 6 units right and 6 units up, so the total number of
ways is gy = 924.
Similarly, the total number of ways from the origin to (2, 3) is 2,5—'3, = 10, and the total number of ways from

(2,3) to (6,6) is 7 = 35. Hence, the total number of ways passing through point (2,3) is 10 - 35 = 350.

413!
Thus, there are 924 — 350 = ways for the frog to jump from the origin to (6,6) without passing
through point (2, 3). O



Problem 3. Alfred, Bob, and Carl plan to meet at a café between noon and 2 pm. Alfred and Bob will
arrive at a random time between noon and 2 pm. They will wait for 20 minutes or until 2 pm for all 3
people to show up after which they will leave. Carl will arrive at the café at noon and leave at 1:30 pm.
What is the probability that all three will meet together?

Solution. Let the time Alfred and Bob arrive be = and y, respectively. Thus, z and y are ranged from 0
to 120 minutes. Since Alfred and Bob will wait for 20 minute, we have |z — y| < 20. Also, since Carl will
arrive at the café at noon and leave at 1:30 pm, we have x and y be in the range [0,90]. Hence, we can
have the following graph:
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Hence, all three meeting together has a probability of ==55555= = ol

Problem 4. Let triangle ABC be isosceles with AB = AC. Let BD be the altitude from B to AC, E be
the midpoint of AB, and AF be the altitude from A to BC. If AF' = 8 and the area of triangle ACFE is
8. Find the length of CD.

Solution. Since E is the midpoint of AB, the area of AACE is the half of the area of AABC. Hence, the
area AABC is 16. Since the area AABC' is %~BC’~AF and AF = 8, we have BC = 4, so FC = 2. Because

CF?4+AF? = AC?, we have AC = 2y/17. Since both AF and BD are altitude, we have AAFC «~ ABDC,

4
AC _ CF _ 2x4 __ £/
SOW—ﬁ. Hence, CD = 2\>/<ﬁ_ ﬁ 171 O

Problem 5. Find the sum of the unique prime factors of
(2018% — 121) - (2018* — 9).
Solution. Note that
(2018% — 121) - (20182 — 9)
=(2018 4+ 11)(2018 — 11)(2018 + 3)(2018 — 3)
=2029 - 2007 - 2021 - 2015.

Since 2029 is prime, 2007=32 x 223, 2021 = 43 x 47, 2015 = 5 x 13 x 31, we have the unique prime factors
to be 5,13,31,43,47,223,2029. Hence, the sum is 5 + 13 + 31 + 43 + 47 4 223 + 2029 = | 2391 |. O



Problem 6. Compute the remainder when
3102 4 3101 4 | 30
is divided by 101.

Solution. Note that 3102 4- 3101 4 ... 4+ 30 = 310;771 By Fermat’s Little Theorem, we have 3'°° =1 (mod

101). Hence, 3102_1 =21 = (mod 101). O
Problem 7. Take regular heptagon DUK M AT H with side length 3. Find the value of

RS

DK DM’

Solution. Consider the quadrilateral DKM A. According to Ptolemy’s Theorem, we have
DA-MK+ DK -MA=DM - AK.

Since DA =DM, AK = DK, and MA = MK = 3, we have 3DM + 3DK = DM - DK. Hence, we have
1

1 1
pE T oM = |3 | -
Problem 8. RJ’s favorite number is a positive integer less than 1000. It has final digit of 3 when written

in base 5 and final digit 4 when written in base 6. How many guesses do you need to be certain that you
can guess RJ’s favorite number?

Solution. Let the number be n. Since n has final digit of 3 when written in base 5 and final digit 4 when
written in base 6, we have

n=3 modb

n=4 mod 6.
By Chinese Remainder Theorem, the solution will be n = 28 mod 30. Since L%J =33, and 999 = 9
mod 30, we have 33 possible values of n. Hence, we can take guesses to be certain to guess RJ’s

favorite number. O

Problem 9. Let f(a,b) = “:btblz, where a and b are positive integers, ab # 1. Let z be the maximum

positive integer value of f, and let y be the minimum positive integer value of f. What is x — y?

Solution. Consider a = b. We have

2a2 2

Since a is a positive integer, f(a,a) is an integer only when % is an integer. Since there is no such a,
we have a # b.

Consider b = 1. )

We have f(a,1) = 2L, Hence,

a—1

fla,1) = (a+12(a__11)+2 —at1l+ —.
_2

—=7 is an integer. Thus, a = 2 or a = 3, and

Since a is a positive integer, f(a, 1) is an integer only when

f(2,1) = f(3,1) = 5.



Consider b > 1.

WLOG, we can assume a > b > 1. Assume f(a,b) = % = k, we have a® + b?> = k(ab — 1). Then, by
AM-GM, we have a? + b* > 2ab > 2(ab—1) > ab— 1, so k > 2.

When k = 3, we have a? + b?> = 3(ab — 1), so a®> + b*> = 0 mod 3. Thus, we have a = b =0 mod 3. Let
a = 3m and b = 3n, we have (3m)? + (3n)? = 3(3m-3n—1). Thus, 9m?+9n? = 27nm — 3, which indicates
there is no solution if we take modulo 9. Hence, k& > 3.

Let a be the least solution to the equation a? +b* = k(ab— 1) such that k is maximum or minimum. Since
we have a? — (bk) -a+ (b? + k) = 0, the quadratic equation has two solutions a and a’. By Vieta’s formula,
we have a +a’ = bk and a-a’ = b* + k. Since (a —1)(a’ — 1) =a-a’ — (a+a’) + 1, we have

P4+k—bk+1 - b2 —3b+4

!
1=
. a—1 - b

<b-1.

In this way, we have o’ < b, which indicates ¢’ < a and contradicts with the assumption. Hence, there is
no maximum or minimum value when b > 1, sox =y =5, and x —y = @ O

Problem 10. Haoyang has a circular cylinder container with height 50 and radius 5 that contains 5 tennis
balls, each with outer-radius 5 and thickness 1. Since Haoyang is very smart, he figures out that he can
fit in more balls if he cuts each of the balls in half, then puts them in the container, so he is “stacking”
the halves. How many balls would he have to cut up to fill up the container.

Solution. Since outer-radius is 5 and thickness is 1, we have AO; = BO; = 5 and AB = 1. Hence,
BO; = 4, s0 0103 = 1/BO3} — BO? = 3. Thus, number of balls in half is 222 4+ 1 = 16, so he would have

to cut to fill up the container. O
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